This paper deals with the rules and the mechanisms regulation of liver regeneration. The generalized mathematical model was developed. This model has an explicit dependence on the control parameters. To solve this problem there were accepted such assumptions: homogeneous approximation; small toxic factors.
Introduction
The defining of principles and rules regulation of biological processes during development and maintenance/restoration (regeneration) of dynamic organs' and tissues' homeostasis is one of the most important fundamental problems in theoretical Biology and Medicine.
Liver diseases are an important medical problem. Knowledge about the rules and mechanisms of liver regeneration is the basis for the development of new 30 V. V. Karieva, S. V. Lvov effective medicaments and the choice of rational strategies for the therapy of liver diseases.
The regeneration processes in liver represents particular interest. The liver has the greatest plasticity and the largest set of possible regeneration strategies. In addition, there are a large experimental data that enable to elaborate and prove mathematical models for study liver regeneration in silico and their verification in vivo [1] .
The processes of liver regeneration and their mathematical models have been studied in the many interdisciplinary projects [2, 3, 4] .
Despite of the achievements in the field of modeling of the liver regeneration processes there are still enough "difficult"problems requiring the new ideas, approaches and methods of justification and development of mathematical models.
The mathematical models of liver regeneration can be considered as dynamic networks of intracellular processes and processes of cell-cell communication. Such non-linear dynamic networks are extremely complex. They can represent processes in hundreds of millions of cells of different types and much more interactions between them.
Such mathematical models of liver regeneration processes can have an almost unlimited set of potentially possible parametric phase organization.
However, in the experiment we observe only a limited number of strategies and qualitative phenomena of maintenance and restoration (regeneration) of the liver's dynamic homeostasis. It can be supposed that the processes of liver regeneration are the subject of some control which provides "regularization"of the dynamics of the whole system.
According to one of the most general hypothesis of theoretical biology the regulation processes of maintaining and restoring dynamic homeostasis is realized due to the phenomenon of appearing self-organization in a complex dynamic network of interacting liver cells [5] . But the common rules and mechanisms of the self-organization and regulation of liver regeneration observed in the experiment are unknown.
The mathematical cell biology at the present time is an empirical discipline. It is represented by a set of experimental data, knowledge and rules that are derived from the experiment and determine the properties of the system and its possible dynamics.
At the modern biological experimental technology we are not able to observe many crucial molecular processes that occur in the cell during liver regeneration. Consequently, the mathematical models of liver regeneration assume a large number of hypotheses about the rules of regulation. Verification of these hypotheses requires a large number of high-cost experiments.
One possible way to solve the problems associated with the complexity and non-observability of the biological processes of liver regeneration is based on the following assumption.
The main hypothesis.
The regulation of processes of maintaining/restoring the dynamic liver homeostasis based on the appearing self-organization is provided according to some principles, the optimal criteria which are formed during the organism's evolution.
These principles and criteria are true for any level of detail description of the processes of liver regeneration. The regulation of processes that we do not observe in the experiment or cannot characterize because of their extreme complexity is subjected to these principles and criteria.
One of the main approaches to the development of mathematical models of biological systems of interacting cells is the agent model based on empirical rules [6] .
In this approach the agent represents some "input-state-output"model of the cell (group of cells). The network of interactions between agents are defined as maps that connect the outputs and inputs of agents. These maps determine the collective dynamics of the network, depending on the state of agents.
Even at the generalized level of description of process, such networks contain hundreds of thousands of parameters. It is not possible to solve the problems of verification of various hypotheses about the principles and criteria of regulation using such models.
Thus, in order to confirm hypotheses simple ("toy") models in explicit dependence on the control parameters are required.
Phenomenological description of liver regeneration processes
The liver is the central metabolic organ of vertebrates. First, the liver keeps the concentration of numerous plasma compounds such as amino acids, fatty acids, nucleosides, plasma proteins, and lipoproteins within a narrow concentration range at varying physiological conditions (e.g., starvation or physical exercise), to ensure an almost constant metabolic environment for non-hepatic tissues. This homeostatic function includes the transient storage in the liver of carbohydrates and lipids. Second, the liver provides secretion of bile. Hepatic production of bile is needed for the efficient intestinal digestion of lipids and serves as the excretion pathway for metabolic waste products, many xenobiotics and also cholesterol. Finally, the most important function of the liver is to detoxify endogenous and exogenous compounds and remove pathogens [7] .
Most of the metabolic functions are undertaken by parenchymal cells (hepatocytes and cholangiocytes), which make up about two-thirds of the organ's cell population, and possessing the most versatile metabolic function of all human cell types. Removal of pathogens and antigens is predominantly accomplished by hepatic endothelial cells and liver macrophages (hepatic Kupffer cells). Hepatic stellate cells are involved in the formation of the connective tissue of the liver and actively contribute to liver fibrosis after damage or injury of the organ. Resident stem cells can be transformed into almost any type of liver cell. Stem/progenitor cells are among the most resistant cells in relation to various damaging factors and play a major role in the regeneration processes [8, 9] .
The smallest structural division of the liver is the liver lobule. It takes the approximate shape of a hexagonal prism with a size of 1-2 µ m and consists of all 32 V. V. Karieva, S. V. Lvov types of liver cells. The number of lobules in the liver can range from hundreds of thousands to a million, depending on the body.
Presently there are two main types of liver regeneration. 1. When the liver is severely damaged or toxic factors are strong, the liver regeneration process occurs due to the replication of liver stem / progenitor cells and stellate cells. Stem cells can differentiate into liver parenchymal and epithelial cells. And stellate cells provide reparative fibrosis processes [10, 11, 12] .
2. In the case of partial (two/thirds) surgical hepatectomy (PH) or small toxic factors, the regeneration process does not require such stem / progenitor cells or fibrosis [13, 19] .
In the second type the liver regeneration occurs due to hyperplasia processes, replication and division of binuclear hepatocytes into mononuclear.
All of the above processes are aimed at increasing the functional activity of the liver. As the main functional cells we consider only hepatocytes of various types. Each of the different types of hepatocytes in a lobule has its own index of functionality. This coefficient determines how efficiently the cell performs its functions. The hyperplasia process increases the functionality of the liver by increasing the protein complexes. Polyploid and binuclear hepatocytes function more efficiently due to the increased number of chromosomes. As a result of the replication process, two fully functioning cells are formed.
Each of these processes has its characteristic time. Under ideal conditions, replication lasts 24 hours, the transition to polyploidy -12 hours, hyperplasia -6 hours, the division of binuclear hepatocytes -1 hour. The main processes of liver regeneration occur in heterogeneous conditions of external stress, which leads to a significant increase in their characteristic times. Also different types of hepatocytes have different indicators of resistance to toxic factors and the rate of increase in their functionality due to hyperplasia. For example, due to the greater number of chromosomes polyploid and binuclear hepatocytes are more resistant to toxic factors.
General process model
A mathematical model of liver regeneration processes is considered for the second type of liver regeneration (liver resection or small toxic factors).
In our model the hepatic lobule is represented in the form of its cellular structure. Lobules are about a million in the liver.
The cellular structure of the lobules is the same in space -homogeneity. Toxic factors are evenly distributed throughout the liver cells. The processes occurring in different lobules are independent.
Under the assumptions of homogeneity and independence, an approximation on average is valid. It gives the equations of population dynamics for various types of liver cells.
In the idealized limited case the possible formulation of the optimization problem can be considered as follows. Вiсник 
1) An equation which describes the dynamics of populations of liver cells:
where x(t) -types of functional liver cells at moment t, τ (t) -given function of external toxicity, λ(t) -control parameters. Each type of cells has its own index of functionality and calculate the function
2) An equation which describes the change in the functional state of the organism depending on the function of external toxicity τ (t) and the functional state of the liver Φ(t):
Consider an abstract organism as the result of a potentially feasible experiment of synthetic evolution for a sufficiently large chain of generations of populations. We believe that each generation is subject to a typical stress τ (t).
A necessary condition for successful evolutionary selection is not a break of the evolutionary chain, but its result is a strategy for achieving suboptimal functional activity of the organism λ(t).
An example of an optimal control problem criterion which satisfies these requirements:
under the condition
where
Where T -the end of the life cycle of the body, T 0 (T )-moment of the beginning (end) of the reproductive period, K-optimal functional activity of the body, E -a constant defining the set of reachability of the functional activity of the organism, C -a constant which is responsible for the survival of the organism. The regulation of biological processes is determined by the processes of selforganization of the cellular network, which appeared during stress disturbances. Phase transitions define some virtual control system λ(t) = M (τ (t), x(0)), which has the self-criticality property [14, 15] .
Mathematical models of processes
In our model the cellular structure of the liver at each time moment is described by the following parameters:
• Γ(t) -the number of normal hepatocytes at moment t; 34 V. V. Karieva, S. V. Lvov
• Γ 2 (t) -the number of diploid hepatocytes at moment t;
• Γ 4 (t) -the number of tetraploid hepatocytes at moment t;
• Γ 2 (t) -the number of binuclear hepatocytes at moment tt;
• Γ gip (t) -the number of hepatocytes in a state of hyperplasia at moment t;
• As(t) -the number of hepatocytes in a state of antistress at moment t;
• Ap(t) -the number of hepatocytes in a state of apoptosis at moment t;
• N (t) -the number of hepatocytes in a state of necrosis at moment t.
Toxic factors -T ox(t):
• τ (t) -the external toxicity (exotoxicity) at moment t;
• DP (t) -the internal toxicity due to decay products of necrosis (endotoxicity) at moment t.
The system dynamics is defined by the following control parameters and transition rules.
• a(t) -the relative number of hepatocytes which are initiated to enter the cell-division cycle;
• b(t) -the relative number of hepatocytes which are initiated into polyploidy;
• b 2j (t) -the relative number of hepatocytes which are initiated into binuclear cells;
• a 2j (t) -the relative number of hepatocytes which are initiated from binuclear hepatocytes per division;
• g(t) -the relative number of hepatocytes which are initiated into hyperplasia;
• ω(t) -the relative number of hepatocytes which are initiated into controlled apoptosis. This parameter is different for each type of cell.
Considering the fact that the characteristic times of the main processes are significantly different and the processes depend on the external (non-stationary) toxic factors, each such process must be modeled separately.
Assume that all simulated processes are cyclical. In general, the transition to a new cycle, exit from a cycle or a new process is determined by the control parameters.
The discrete state space of the process is a set of states (1, 2, ..., n), where the number of states n is determined from the characteristic time of the process in ideal conditions and the discrete interval. Also, there is competition parameter in our mathematical model:
where k(t) -coefficient of competition for the resource, K -environment capacity.
Replication process and transition processes during replication
Under normal conditions the replication process takes place within 24-32 hours during the cell-division cycle.
Our model assumes that the following events may occur during replication: cell doubling (completed replication), cell transition to polyploidy, cell transition to binuclear cell.
The replication process and the indicated transitions are inherent for normal (diploid) hepatocytes, tetraploid hepatocytes and hepatocytes in a state of hyperplasia.
The cell cycle consists of strictly deterministic series of sequential processes [17] : 1) the preparatory phase for cell division -"interphase"consisting of phase G1, phase S and phase G2,
2) the period of cell division -"mitosis"(phase M ). Usually the interphase takes at least 90 % of the time of the entire cell cycle (the M phase lasts 1-2 hours).
The G1 phase and G2 phase are intermediate phases. DNA replication occurs in the S phase. As a result of the doubling of DNA molecules, each chromosome has twice as much DNA as it was before the S phase, i.e. the amount of DNA in diploid cells corresponds to the tetraploid set. As a result of mitosis (phase M ) two daughter cells with the same set of chromosomes arise from one cell.
During the cell-division cycle the cell passes the so-called "checkpoints". Checkpoints prevent cell cycle progression at specific points, allowing verification of necessary phase processes and repair of DNA damage. In case of failure to pass checkpoint the cell is sent for apoptosis. There are three most important points: the G1 (restriction) checkpoint, the G2 (DNA damage) checkpoint and the mitotic (spindle) checkpoint [18] .
Under the control signal b(t) some cells exit the cell cycle and return to functioning as polyploid cells. A such transition can occur in the S phase of the cell cycle.
In the middle of mitosis some cells exit the cell cycle under the control signal b 2j (t) and turn into dual-core cells that perform the normal functions of the hepatocyte. Binuclear hepatocytes under the control signal a 2j (t) complete the cell cycle and form two normal cells.
The replication cycle and possible controlled transitions are shown in next figure: Fig. 2 . Replication process and transition processes during replication.
Population dynamics of normal hepatocytes, polyploid hepatocytes and binuclear hepatocytes:
Where: µ(T ox(t)) -the cycle parameter; r(T ox(t)) -the parameter that sends cells to necrosis under high toxicity.
Hyperplasia
The hyperplasia process is an additional expression of intracellular molecular complexes and structures that provide an increase in its functional activity [19] .
Hyperplasia consists of cycles. In each cycle protein expression occurs and the number of protein complexes is increased in the cell. One cycle of hyperplasia lasts about an hour. It should be noted that for polyploid and binuclear hepatocytes the hyperplasia process occurs faster due to the greater number of DNA.
The process of hyperplasia can be performed for all types of cells. Fig. 3 . Hyperplasia process.
The initialization of the hyperplasia process is controlled by the parameter g(t) which determines the relative number of hepatocytes for hyperplasia.
The equation of dynamics for hepatocytes in a state of hyperplasia:
The process of the cell antistress request
When toxic factors act on the cell, the so-called antistress program is launched [20] .
The antistress program involves several cycles of expression of antistress protein complexes that can neutralize toxic factors. Each cycle lasts about 15 minutes. In our mathematical model it is assumed that the antistress program has the highest priority and it cancels all other processes.
Note that hepatocytes in the S, M phase of the cell cycle cannot start the antistress program because in these phases the DNA of the cell is not functional.
If after one cycle of the antistress program the effect of toxic factors on the cell decreased, the cell completes the antistress process and returns to the interrupted process. However, if the effect of toxic factors on the cell still the same, the cell goes on a new cycle of the antistress program. Due to the failure of the antistress program, the cell goes into either apoptosis or necrosis depending on the level of toxic factors [20] .
The equation of dynamics for hepatocytes in a state of antistress:
As(t + 1) = As(t) + µ(T ox(t)) Γ(t) + Γ 2 (t) + Γ 4 (t) + Γ 2 (t) + Γ gip (t) − −ω(t)As(t) − r(T ox(t))As(t) − As(t)
Apoptosis
Apoptosis is closely associated with programmed cell death [20] . The mechanisms of apoptosis are triggered when the toxic factors are not strong enough to cause necrosis. The body responds to the danger of mass cell death with a kind of protection -suicide of a relatively small number of cells so that the factors of pathological effects are not so great.
As a result of apoptosis the decay products of a cell are almost immediately destroyed by resident macrophages and do not have a toxic effect on neighboring cells. The apoptosis is quite a long process, it takes more than 24 hours.
Note that the body is able to purposefully reduce cell populations. This ability of the body is called controlled apoptosis.
In our model controlled apoptosis occurs under the control signal ω(t) -the relative number of hepatocytes which are initiated into controlled apoptosis. This parameter is different for each cell type.
The equation for cells in a state of apoptosis is:
Necrosis
Uncontrolled cell death as a result of effect of a strong toxic factors on the cell is called necrosis [20] .
During necrosis process the decay products of necrosis (DP) are appeared. They form internal toxicity. Necrosis decay products are highly toxic factors for surrounding cells. Their action can lead to stopping of the regeneration processes, apoptosis and even necrosis of the surrounding cells.
The necrosis process proceeds fairly quickly (about one hour). Due to the locality of necrosis its distribution should be described using spacetime mathematical models. However we make an assumption about the environment uniformity. Consequently the spread of necrosis occurs regardless of the location of the necrotic cell in space (suppose that one necrotic cell affects some number of healthy cells per unit of time).
N (t+1)= N (t)+r(T ox(t)) Γ(t) + Γ 2 (t) + Γ 4 (t) + Γ 2 (t) + Γ gip (t) + As(t) + Ap(t)
Toxicity
Common toxicity consists of two factors: external (given function) and internal toxicity due to the toxicity of the decay products as a result of necrosis.
T ox(t) = DP (t) + τ (t)
The equation which describes change of external toxicity: τ (t + 1) = τ (t) − τ (t)x(t) − τ (t)e 1 where x(t) = k c k Γ(t) -toxicity reduction coefficient due to functional activity of hepatocytes, e 1 -toxicity reduction coefficient due to blood flow.
The equation which describes change of internal toxicity: DP (t + 1) = DP (t) − DP (t)F − DP (t)e 2 where F -toxicity reduction coefficient due to phagocytic activity, e 2 -toxicity reduction coefficient due to blood flow.
Remark. e 2 < e 1 , the decay products of necrosis act locally and external toxicity affects a large area.
Conclusion
The developed model is linear in control parameters. It is important for solving optimal control problems. This model will be the basis for the development of a more complex model for considering the regeneration strategies of the first type.
It is supposed to justify the principles and criteria for optimal regulation of liver regeneration processes and verify them in numerical experiments based on the developed model.
The proposed model of population dynamics includes such models of population dynamics as the generalized Lotka-Volterra equations, the Lotka-Volterra equations with transitions, the Lotka-Volterra delay equations, the Volterra integro-differential equations [16] .
